Two types of radially symmetric three-dimensional nonlinear photonic crystals with the cylindrical structure and the egglike structure are proposed, from which the conical and the spherical quadratic harmonic waves can be produced, respectively, by three-dimensional quasi-phase matching. First, the cylindrical structures with periodic and aperiodic modulations of the nonlinear coefficient are both studied, showing their significant advantages compared to the corresponding two-dimensional structures. The dependencies of the transverse and the longitudinal phase-matching periods on harmonic propagating directions are also calculated and analyzed. Then, the egglike structure is designed by programming and the distribution of reciprocal vectors is presented, indicating its ability to generate the spherical harmonic as a point light source. The investigation of the intensity distribution on the spherical wavefront is also performed, showing its strong dependence on the harmonic polarization and the quadratic nonlinear coefficients.
INTRODUCTION
Nonlinear photonic crystals (NPCs) associated with quasiphase-matching (QPM) technique [1] are created by the modulation of quadratic nonlinear coefficients so as to result in realizing the expected optical parametric process. By extending the one-dimensional (1D) QPM theory into the twodimensional (2D) one, the 2D NPC was first proposed by Berger in 1998 [2] . Ever since then, plenty of work has been comprehensively done on the 2D NPC, of which some popular issues are, for example, the nonlinear Cerenkov radiation in 2D NPCs [3] [4] [5] [6] , the broadband frequency doubling in random phase-matching media [7] [8] [9] [10] [11] [12] [13] , and the nonlinear Bragg diffraction in annular periodically poled NPCs [14] [15] [16] [17] [18] . These novel phenomena which cannot be observed in 1D structures deeply reveal lots of new physical origins, substantially enlarging the research scope of QPM.
Recently, the NPC has been further generalized into the three-dimensional (3D) case [19] by us, which may provide more abundant reciprocal lattice vectors (RLVs) with additional spatial freedom to compensate the phase mismatches in the optical parametric processes that cannot occur in the 1D or 2D regime, making the RV design more flexible. Although the fabrication of 3D NPCs is extremely difficult, many experimental explorations have been done. The most possible realization of the 3D NPC now seems to be the domain reversal induced by ultraviolet pulses [20, 21] and femtosecond laser [22] [23] [24] due to the relatively convenient operation of light which avoids the complicated scheme including multiple steps such as bonding, cutting, and regrowth. Once the fabrication of the 3D NPC comes true, a great deal of work may be concentrated on this newly arisen research direction. Consequently, the theoretical design and study of new structures appear to be very necessary for the practical application of 3D NPCs.
In this paper, we design to our knowledge, two novel radially symmetric structures, namely, the cylindrical structure and the egglike structure for the 3D NPC. The former is derived by adding an additional longitudinal modulation to the conventional 2D annular structure such that the generated conical harmonic wave may have an arbitrary apex angle in contrast to the fixed one in a 2D structure. The latter is created via programming so that the spherical second harmonic may be emitted from the egglike structure which can be considered a point light source. The unique properties of these two structures are also analyzed for further understanding.
CYLINDRICAL STRUCTURE
The design of the cylindrical structure is enlightened by the traditional 2D annular NPC as shown in Fig. 1(a) which exhibits radial symmetry (rotational symmetry along the poling direction, namely, the z axis) and possesses an infinite number of RLVs arranged in the crystal plane, namely, the x-y plane. Saltiel et al. [14, 15, 17] have deeply studied this kind of structure by irradiating the fundamental beam along the z axis. The conical second harmonic may result from it via the nonlinear Bragg diffraction since the phase-matching condition is 2k ω þG t 0 ¼k 2ω , wherek ω is the fundamental wave vector,k 2ω is the harmonic wave vector, and the transverse phase mismatch is compensated by the RLVG t 0 [see Fig. 1(b) ]. However, as it can be seen, the vertex angle 2θ 0 is a fixed value of arccosð2k ω =k 2ω Þ, owing to the limitation of the longitudinal phase-matching condition where there is no longitudinal modulation.
Such an obstacle can be eliminated by extending the annular NPC to the cylindrical structure by adding an additional modulation in the longitudinal direction as shown in Fig. 1(c) . Then the phase-matching condition becomes
so that the extra RLVG l can be offered to help compensate the longitudinal mismatched phase [see Fig. 1(d) ]. Thus, the vertex angel 2θ becomes arbitrary through intentionally choosing the proper longitudinal and transverse RLVs, and then many interesting phenomena will be observed. For instance, if θ is set at 90°, the toroidal second harmonic, the so-called T wave [17] , will be produced in the cylindrical NPC. Different from the two counterpropagating fundamental beams utilized in [17] , the single fundamental beam is used so that the relatively higher conversion efficiency may be obtained for avoiding the spatiotemporal walk-off. In an even more limiting case, if θ is chosen in the range from 90°to 180°, the second harmonic will propagate as a cone along the opposite direction to the fundamental wave. Figure 2 shows the poling periods of the cylindrical NPC relevant to the transverse and longitudinal phase-matching which are calculated according to the harmonic propagating directions. As we know, the different refractive indices between ordinary and extraordinary harmonics result in different phase mismatches and further lead to the different phasematching periods. For the ordinary harmonic, because of the refraction being independent of the wave orientation, the transverse and longitudinal periods can be expressed as follows:
where λ is the fundamental wavelength, θ refers to the diffraction angle which is half of the vertex angle of the cone, and n o;ω and n o;2ω denote the ordinary principal refractive indices for the fundamental wave and the harmonic, respectively. As for the extraordinary harmonic, since the refraction depends on the wave propagating direction, the transverse and longitudinal periods have the following relation: where n ðeÞ 2ω ðθÞ is the extraordinary refractive index varying with the harmonic orientation, and n e;2ω represents the extraordinary principal refractive index for the harmonic wave.
As illustrated in Fig. 2 , by use of the data reported in [25] , the calculation is applied to LiNbO 3 . It can be seen that the curves of the phase-matching periods for the ordinary and extraordinary harmonics are almost coincident in the LiNbO 3 crystal. Then the curves will overlap more closely in the LiTaO 3 case for the smaller birefringence. Therefore, these two harmonics may together come out of the crystal. In addition, for compensating large phase mismatches, the periods of the first-order QPM are very short with the minimum value down to about 0:1 μm, which is far beyond the state-of-theart poling technique. The solution is to use the higher-order RLVs just like the thirteenth order used in [14] and, of course, the resulting disadvantage is the inevitable efficiency decrease of the harmonic generation. Nevertheless, in the small θ regime, the RLVs with low order such as first, second, and third order may be utilized due to the transverse periods sharply increasing with the longitudinal ones tending to a stable value of 2:2 μm that can possibly be realized for first-order QPM in experiment. Note that the low-order conical harmonics are also observed in [14] , but their mechanism is the nonlinear Raman-Nath diffraction [26] with low second harmonic generation (SHG) efficiency in contrast to the nonlinear Bragg diffraction with relatively high SHG efficiency discussed in this paper. For Raman-Nath diffraction, the longitudinal modulation will not change the diffraction angle because it only needs to satisfy the transverse phase-matching condition. Moreover, on the condition that θ is set at 0°or 22°, the cylindrical NPC will degrade to the 1D periodic or the 2D annular one, because of the transverse or the longitudinal period having a tendency to be infinite.
In analogy to the 1D regime [27] , the cylindrical NPC with periodic modulation can be developed to the aperiodic case as shown in Fig. 3(a) . The scheme is almost the same, just considering the transverse and the longitudinal modulations as two 1D structures. Then, similarly, the multiple RLVs are obtained in the discrete form in both directions [see Fig. 3(c) ] and the multiple conical harmonics with different vertex angles may result from the aperiodic cylindrical NPC as depicted in Fig. 3(b) . The generated harmonics may simultaneously exhibit the exceedingly different profiles such as the counterpropagating cone, the toroid, and the short-vertex-angle cone which are discussed above, concentrating on presenting the unique properties of the aperiodic cylindrical NPC. If the azimuthal symmetry of the transverse modulation is changed from continuous to discrete, analogous to the 2D case [28] , many new types of cylindrical NPCs may be created to provide RLVs in different spatial distribution.
EGGLIKE STRUCTURE
It can be seen in the above discussion that either periodic or aperiodic cylindrical NPC may only generate harmonics in one or several directions since only the discrete transverse and longitudinal RLVs can be supplied. Then the question becomes how to emit harmonics in all directions; for example, because the harmonic wavefront is a spherical surface it becomes an interesting problem deserving more studies. Enlightened by the local QPM theory [29] , the structure in Fig. 4(a) is designed through programming according to the method suggested in [29] , when the focal point of the harmonic which can be considered as the spherical center is set in the crystal. Extending it to the 3D case, the structure that looks like an egg is derived as shown in Fig. 4(b) . The RLV distribution of this kind of structure is illustrated in Fig. 4(d) , exhibiting a converging tendency. Thus, the spherical harmonic presented in Fig. 4 (c) may come out of the egglike structure owing to the phase-matching of SHG in all directions. Note that the crystal should be cut into a ball with the center denoted in Fig. 4(b) so that the generated harmonic wavefront will not be distorted by the surface of the crystal. Consequently, such a 3D NPC can be regarded as a light point source of the harmonic, which cannot be realized in a 1D or 2D structure. It is obvious that the emission of the harmonic is not isotropic, so the distribution of the intensity on the harmonic wavefront will be studied in the following discussion. As analyzed in [14] , the harmonic intensity is proportional to the square of the effective nonlinear coefficient which is relevant to the fundamental and harmonic polarization. LiTaO 3 crystal is employed as an example, which is in a trigonal system with a 3 m point group. Since the fundamental beam propagates along the z axis, the ordinary and extraordinary harmonics are azimuthally and radially polarized, respectively, involving the nonlinear components d yyy and d zyy . For convenience of analysis, the walk-off between the harmonic and the fundamental wave is neglected, when the fundamental beam is not tightly focused. So the ordinary and extraordinary harmonic intensities can be given as is the azimuthal angle of the harmonic with respect to the x axis, and θ is the diffraction angle as defined above.
In theory, a designed egglike NPC can only provide one set of RLVs to enhance one of the ordinary and extraordinary harmonics and suppress the other because of the different phase mismatches. However, as we discussed above, the ordinary and extraordinary harmonics may together come out of the LiTaO 3 crystal for short birefringence. Then the total intensity should be a summation in the form I (7) and (8) into the above formula. The total intensity can be expressed as follows:
Consequently, the total intensity of the harmonics is independent of the nonlinear components , respectively. Like the supposition in [14] , γ is set at 0°and r is determined to be −1:7. It is shown that I Note that, during the above analysis, there may be an additional azimuthal modulation of harmonic intensities with several peaks due to the artifacts of the discrete character of domain boundaries in ferroelectric crystals [14] . Besides, the difference of the phase-matching conditions for ordinary and extraordinary harmonics is ignored for the crystal with a small birefringence discussed here, while it should be taken into account for the crystal with a large one. Then, conversely, the change of the appearance of I ðtotalÞ 2ω distribution can be utilized to investigate the large birefringence of the crystal. What is more, only the crystal with 3 m symmetry is studied in this paper while the appearance of I distribution can also be used to investigate the crystal symmetry. Studies of other possible applications of the egglike NPC are underway.
CONCLUSION
We have proposed, to our knowledge, two novel radially symmetric 3D NPCs: one with a cylindrical structure and one with an egglike structure. The advantage of the periodic and aperiodic cylindrical NPC is that the multiple conical harmonics with arbitrary vertex angels may be produced since the extra longitudinal RLVs can be provided. The dependencies of the phase-matching periods on the diffraction angles are calculated and analyzed. The egglike structure is designed by programming according to the local QPM theory, showing its ability to generate the spherical harmonic as a point light source. The intensity distribution on the harmonic sphere is studied, reflecting a lot of information such as ratio of nonlinear components, crystal symmetry, birefringence, and character of domain boundaries.
